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Abstract—The genome-wide association study (GWAS) is a popular approach to identify disease-associated genetic factors for
Alzhemer’s Disease (AD). However, it remains challenging because of the small number of samples, very high feature dimensionality
and complex structures. To accurately identify genetic risk factors for AD, we propose a novel method based on an in-depth exploration
of the hierarchical structure among the features and the commonality across related tasks. Specifically, we first extract and encode the

tree hierarchy among features; then, we integrate the tree structures with multi-task feature learning (MTFL) to learn the shared
features—that are predictive of AD—among related tasks simultaneously. Thus we can unify the strength of both the prior structure
information and MTFL to boost the prediction performance. However, due to the highly complex regularizer that encodes the tree
structure and the extremely high feature dimensionality, the learning process can be computationally prohibitive. To address this, we
further develop a novel safe screening rule to quickly identify and remove the irrelevant features before training. Experiment results
demonstrate that the proposed approach significantly outperforms the state-of-the-art in detecting genetic risk factors of AD and the
speedup gained by the proposed screening can be several orders of magnitude.

Index Terms—Tree-structured group Lasso, Multi-task learning, Alzheimer’s disease, Genome-wide association studies, Screening.

1 INTRODUCTION

THE genome-wide association study (GWAS) [1], [2], [3]
is an emerging technique to identify genetic risk factors
by uncovering the associations between single nucleotide
polymorphisms (SNPs) and quantitative traits, such as brain
images of patients with Alzheimer’s-disease (AD) [4]. In
the past few years, GWAS has achieved great success in
identifying genetic risk factors for many human diseases
including diabetes [5], [6], heart abnormalities [7], [8] and
Parkinson disease [9], [10], [11]. In this paper, we focus on
the detection of genetic risk factors for AD.

Many early studies on GWAS are based on univariate
analysis, which does not take into account the joint effect of
multiple SNPs. Different from these univariate approaches,
Lasso [12] is a popular multivariate technique [13], [14] that
is capable of addressing the potential dependency among
features. Due to its ¢; sparsity-inducing regularizer, Lasso
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provides a set of candidate SNPs for the genetic risk factors.
However, as the /;-regularization treats all SNPs equally,
traditional Lasso based approaches do not take the feature
structures into consideration. Recently, Yang et al. [15] pro-
posed a non-convex model named Absolute Fused Lasso
(AFL) model with a penalty, which encourages sparsity in
the coefficients as well as their successive differences of
absolute values, to identify the genetic risk factors related
to AD. Nevertheless, AFL also cannot take feature structure
into consideration.

Indeed, in many real-world applications, the features
exhibit certain intrinsic structures, such as spatial or tempo-
ral smoothness, groups, and trees. Many recent studies [2],
[3], [16] have shown that incorporating the a prior structure
information can significantly improve the prediction perfor-
mance and facilitate the identification of important features.
Motivated by this observation, tree-structured group Lasso
(TGL) [16], [17] has been employed to analyze the GWAS da-
ta by incorporating the tree hierarchy—that can be obtained
by linkage disequilibrium (LD [18])—among SNPs, thereby
providing superior performance in identifying AD-related
SNPs.

Motivations: However, most existing work focuses on
one task, e.g., one brain region of AD patients, while we
may have the magnetic resonance imaging (MRI) data for
multiple brain regions that can be exploited. Another line
of research proposes to learn a set of shared SNPs across
several related tasks under the framework of multi-task
feature learning (MTFL) [19], [20], though they ignore the
hierarchical tree structure among SNPs. To enhance the
advantages of the prior tree structure and the potential
commonality across related tasks in identifying AD-related
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SNPs, in this paper, we propose a novel—that is also the
first—approach to learn a Shared Tree-structured sparse
pattern across Multiple related tasks (STM). We note that,
although the work in [21] also proposes to combine TGL
with MTFL, the tree structure is assumed on the multivari-
ate output space, which is the major difference from the
proposed STM.

Although the integration of the prior tree structure and
MTFL may dramatically enhance the prediction perfor-
mance of STM in identifying the AD-related SNPs, the
optimization of STM may be computationally prohibitive
due to the nonsmooth and highly complex regularizer.
Moreover, the high feature dimensionality makes it even
more challenging in applying STM to analyze GWAS data.
To address this, we propose an efficient Hierachical Feature
Screening rule (HFS) for STM to quickly identify the ir-
relevant features, which can be removed from the training
phase, without losing any useful information. This leads to
a significant speedup—that can be orders of magnitude—of
the downstream optimization of STM. Moreover, HFS is safe
as the models learned on the reduced data are identical to
the ones learned on the full data.

The main contributions of this paper are thus:

e We propose a novel method named STM for accu-
rately identifying genetic risk factors for AD, which
can explore in-depth the hierarchical structure a-
mong the features and the commonality across re-
lated tasks.

o Since the learning process is very time consuming,
we develop an effective screening rule called HFS for
our proposed method, which can improve the time-
efficiency by several orders of magnitude.

o Experiment results and the medical evaluation
demonstrate that the proposed method is efficient
and can greatly accelerate the discovery of causal
variants for complex diseases.

The rest of this paper is organized as follows. In Section
2, we briefly review some basics of TGL, MTFL, and feature
screening [17], [22], [23]. We then propose our method STM
in Section 3. In Section 4, we derive the HFS screening rule
in detail. We evaluate the proposed STM combined with
HFS and other state-of-the-art methods on both synthetic
and real-world data in terms of efficiency and prediction
accuracy in Section 5. We give some concluding remarks in
Section 6.

2 PRELIMINARY
2.1 Tree-structured Group Lasso

TGL is a popular method that encodes the hierarchical
structure—that can be represented by an index tree—among
features. For a positive integer p, let [p] = {1,...,p}. If
G1,G2 C [p], the inclusion G; C G2 implies that G is a
proper subset of G'2. Then, an index tree is given as follows.

Definition 1. (Index Tree) [24] For an index tree T' of depth
d, we denote the nodes of depth i by T; = {GY, ..., G, }, where
no = 1,GY = [p], G} C [p], and n; > 1,Yi < d. In addition,
the following conditions should be satisfied:

(i) : G;& N Géz = 0,Vi < d and j1 # jo (different nodes in the

same layer do not overlap). _ _
(ii) : If G% is a parent node of G}, then G;** C G-.

Figure 1 shows a simple index tree.

GY

Gf G}

Fig. 1. Index tree example with G = {1,2,3,4,5,6,7,8,9}, Gi =
{1,2,3},G} = {4,5}, G} = {6,7,8,9}, G} = {6}, and G3 = {7,8,9}.

Let || - || be the 2 norm of a given vector. If G C [p], we
denote the complement set of G with respect to [p] by G =
[p] \ G. For a vector 5 € RP, we denote the i-th component
of B by [B):. Then, for G C [p], we define ¢ by [Sa]i = [B]:
if i € G and [B¢]; = 0 otherwise. Suppose that the tree
structure is available, then TGL takes the form of

d n;
1 N
min Slly = XBI*+A3_ > wjllfe 1)

i=0 j=1
where y € RY is the response vector, X € RVXP is the
data matrix, 563 and wj are the coefficients vector and
positive weight (that is given) corresponding to node G,
respectively, and A > 0 being a regularization parameter.
We can see that, if BG} =(0and Gi: is a child node of G;-,

that is, G%C C G;’-, then BGZ =0.

2.2 Multi-task Feature Learning

MTFL is a powerful feature learning method that can exploit

the commonality across related tasks. Given the training

data {(X;,y,) : t = 1,...,T} for T tasks, where X; € RNt<P

is the data matrix of the ¢-th task consisting of N, training

samples and y, € R™* is the corresponding response vector.

Let N = Zle N be the total number of samples, a popular
MTFL model [25] takes the form of

T

min
BeRNxp 1=

Sy XA+ NBlos, @
1
where B = (54, ..., ) with §; being the coefficient vector
of the t-th task, |B|l2,; = >.F_, ||8]| with 3¢ being the i-
th row of B and A > 0 being a regularization parameter.
Therefore, the regularizer encourages sparsity on the rows
of B and then constrains all tasks to select a common set of
features.

2.3 Feature Reduction by Screening

Screening refers to a suite of emerging techniques that can
dramatically scale up sparse learning methods for big and
complex data that were previously impossible. Essentially,
screening aims to quickly identify the irrelevant features—
that can be removed from the training phase—before the
optimization algorithms are applied. The reduction of fea-
tures can lead to substantial savings in computational time
and memory usage by orders of magnitude.
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Existing screening methods can be roughly divided into
two categories: heuristic methods [26] and safe methods
[17], [22], [27]. Briefly speaking, heuristic methods may
mistakenly discard features that are supposed to be selected
by the model. Therefore, heuristic methods usually have a
post-processing procedure—by checking the Karush-Kuhn-
Tucker (KKT) conditions [28]—to ensure that all relevant
features are included in the candidate set. In contrast, for
safe screening methods, the models learned on the reduced
data are identical to the ones learned on the full data. There-
fore, safe screening can significantly improve the efficiency
of sparse learning methods without sacrificing accuracy.

In recent years, many efforts are devoted to developing
efficient screening methods for a large set of sparse learning
models, like Lasso, group Lasso, ¢; regularized logistic re-
gression, etc. To the best of our knowledge, existing screen-
ing rules are not applicable to our technically challenging
STM formulation, which will be analyzed in detail in section
4. Thus, one of our major technical contributions is the
proposed HFS screening rule for STM.

3 OUR STM FORMULATION

In this section, we introduce the proposed STM (Shared
Tree-guided feature learning across Multiple tasks) model.

GWAS data sets usually do not have enough training
samples as collecting genotype data is scarce, and the fea-
ture dimension can be much higher than the number of
samples. Thus, the analysis of GWAS data remains chal-
lenging and many traditional techniques are inadequate.
Recent studies [2], [3], [16]have shown that incorporating
the hierarchical tree structure among features by the LD
block information can significantly improve the prediction
performance in identifying the genetic risk factors for AD.
Moreover, we note that, multiple AD-related quantitative
traits, such as the MRI data for multiple brain regions, are
available. Enlightened by the aforementioned observations,
we propose to detect the genetic risk factors for AD by
learning multiple related tasks with a shared tree structure.

Suppose that we have T related tasks to learn. For the
t-th task, let X; € RV *P be the data matrix consisting of
N; samples, each of which is represented by a vector in R?,
and let y, € RN be the response vector. Thus, we have
N = >°,_; N; samples in total. To simplify notations, for
a given matrix M, let m; and m’ be its j-th column and
i-th row, respectively, and | M||r be its Frobenius norm. If
G C [p], let M be the sub-matrix of M that consists of m®
with i € G.

Supposing that the tree structure is available, the pro-
posed STM takes the form of

T d n,
. 1 2 S
Bg]}QLHXT §||thxtﬂt” +)‘ZZw;||BGS||F7 3)
t=1 =0 j=1
where B = (f1,...,8r), A and w§ fori =0,...,d,j =
1,...,n; are positive parameters.

Figure 2 illustrates how we impose a tree structure on
the coefficient matrix B. We can see that, each column ; of
B corresponds to the coefficient vector of the ¢-th task; each
row 3! corresponds to the coefficients of the I-th features
across all tasks. Thus, each node G’ C [p] corresponds to

Br B2 B3 -+ Br-1Br

i

=

Fig. 2. An index tree shared by multiple tasks. The tree is the same as
the one in Figure 1.

a sub-matrix Bg: of the coefficient matrix B. This is the
major difference ‘that distinguishes STM from TGL, lead-
ing to significant technical challenges to the optimization.
Therefore, the regularizer in STM [the second term in (3)]
can encourage a shared tree structure among features across
multiple tasks.

We note that the tree structure in [21] is assumed on
the multivariate output space, which is the major difference
compared to our STM.

4 THE PROPOSED SCREENING RULE

In the last section, we present our proposed STM model for
GWAS. However, due to the nonsmooth and highly complex
regularizer and the extremely high dimensionality of the
features, directly solving the optimization problem (3) is
very time consuming. To this end, we develop an efficient
screening rule called Hierarchically Feature Screening (HFS)
for our model to improve the training efficiency.

Before presenting our method, we would like to point
out that our HFS looks similar but differs in nature with
the recent screening works [17]. Although we can rewrite
our formulation (3) into the form of the problem in [17] by
arranging the data matrices diagonally to form a big matrix,
whose size would be as large as ) N x pT'(T'—1 times larger
than the total size of all the data matrices). This leads to a
sheer waste of memory and computational cost and makes
[17] incapable in high dimensional and data intensive cases.
Thus we cannot apply [17] to STM directly.

Similar to the works [17] and [22], our HFS is inspired
by the KKT condition. It is mainly comprised of two steps:
estimate the dual solution based on the solutions with a
larger A, then identify the inactive features based on the
KKT condition. In this section, we will first derive the dual
problem and the KKT condition of our model. Then, to
make our key ideas in developing the rules more accessible,
we develop the preliminary screening method when the
optimal solution §* of the dual problem (4) is known.
Finally, we design our screening rules for STM when the
optimal solution 6* of the dual problem is not available.

4.1 The Dual Problem and KKT Condition

To simplify notations, we denote RP*T by H. For any
Ui,Uy € H, let (Uy,Us) = tr(UL'Us). We first introduce
the following useful result.
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Lemma 1. For any convex function »(B) : H — R, with
¥(0) = 0 and a fixed point { € H. If we define h(B) =
P(B) — (¢, B), then the followings hold:

(i) minger h(B) > 0 < C € Au(0),

(ii) mingey h(B) = —00 < ¢ ¢ 9¢(0).

Proof. i) (<) Suppose that ¢ € 91(0). Then, we have

It implies that mingey A(B) > 1(0) =

(=) Suppose that mingey h(B) > 0, we will show that
¢ € 0v(0) by contradiction.

Suppose that ¢ ¢ 99(0). Then by the definition of sub-
gradient, we can find By € H such that

Y(Bo) — ¢(0) < (¢, Bg) = h(Bg) < 4(0) =0

which contradicts the assumption that mingey h(B) > 0. It
implies that ¢ € 9¢(0). Thus the proof of (i) is completed.
ii) By part (i), we already have

min h(B) <0« ¢ ¢ 0y(0).
So we only need to show that
¢ ¢ 04(0) = min h(B) =
Indeed, by part (i), ¢ ¢ 0y(0) leads to

—0Q.

IBy € H, such that h(By) < 0.
By noting that h(tB) = th(B) holds for any ¢ > 0, we have
tllglo h(tBg) = —oo = min h(B) = —occ.

The proof is complete. O

Now with this lemma, we turn to derive the Lagrangian
dual problem and the KKT condition for our model STM,
which are given in Theorem 1 below.

Theorem 1. For our model, the following holds:
(i) The Lagrangian dual problem can be written as

Lz LY _g2.
supd Iyl = 311% ~ 6l 0 € 7), @
where the feasible region F = {0 = (01;..;07) € RY
M(G) = (Xfﬂl,,XgﬁT) S 8¢(0),0t S RNf}
(ii) The KKT conditions are:
yt*Xtﬂf =N, t=1,..,T, ©)
M(6* (V) = (X707, ..., X7.67) € 0p(B), (6)

where B* and 0* are the optimal solutions of the primal problem
(3) and the dual problem (4) respectively.

Proof. We first introduce a sequence of new variables

zy — Yt — Xtﬂt,t = 17 7j_'

The primal problem (3) can then be rewritten as the con-
strained optimization problem below:
,T}.

T
. 1, o
]gnelg{;zlj§||zt|| +AG(B) 2o =y, - XeBpt = 1, ..

For notational convenience, we let

T

> (X705, 81))

t=1

fi(B) = A(¢(B) —

T

Z *||Zt|| = AM0i,z1)),

= A(¢(B) — (M(0),B)),

where M (0) = (XT01,..., X 01),z = (2z1;...;27), then the
Lagrangian becomes
T
L(B,z,0) =Y —||zt||2 +A\$(B) + AZ 01y, — Xufi — 21)
=2
= /1(B) + fa(z HZ 01,,)- @)

From Lemma 1 and the fact that f;(0) = 0, we have

{0, i M(9) € 06(0),
}IBHGI% h(B) = { —00, otherwise. ®)
If B* € argming f1(B), we have
0€0fi1(B") & M(0) € 906(B”), )

which is one of the KKT conditions. In addition, we have

2
= z" = M\ and min f5(z) = —/\?H9||2.
(10)

0 = V-« fa(z¥)

Thus we get another KKT condition
y, — Xuff =07, t=1,..,T. 11

By plugging (10) and (8) into (7), we can obtain the La-
grangian dual problem below

—0|>: 0 € F},

,X10r) € 96(0)}.

From formulations (11) and (9), we get the KKT conditions

1 s 1,y
SI;P{§||YH *§HX

where F = {0 : M(0) = (X{ 61, ...

y, —-XB = N0 t=1,...T
M(6*(N) = (X167, ..., X7.67) € 0p(B*).

The proof is complete. O

Since 0¢(0) is a convex set, the feasible set F is also
convex. Theorem 1 tells us that the solution 6*(\) of the dual
problem (4) is the projection of y/A onto the convex set F.
This geometric property plays a fundamentally important
role in developing our screening rule.

4.2 Preliminary Screening Rules by KKT Condition

We first present the basic idea for developing our prelimi-
nary screening rules.

Denote ¢%(B) = IBg: |, and By ={¢eH:
w} }. Then the sub-differential of $(B) becomes

S DL oS

1=1j5=1 =1 j=1

ISl <
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To be specific, for any node G;, we have

{¢ e Hei - |[Cl|lr <1}, if [B* (M)l =0

8¢3‘(B*<A’>{ B (Vo /1B (e

F, otherwise

This implies that

[B*(M]e: = 0if [|965(B*(V)|| < 1.
Since the KKT condition (6) in Theorem 1 indicates that
M(6*(X\)) € 0¢(B*), we can split M (6*()\)) as:

n;

S » ]

=0 j=1

where ¢ € w!d¢5(B*())),Vi € 0U [d],j € [n;]. Combined
with (12) it leads to the preliminary screening rule below,
which is the key idea of the final screening method.

Vi€ 0U[d],j € [n], [B* (Nl = 0, if [l < w],

(12)

M(0*(N) = (X167, ..., X707) (13)

(RY)

This rule tells us that if the component &; ¢ in O¢(B*) satisfies
the condition that [|£}]|r < w}, then the features included
in node G; are inactive.

Then, in order to split M (6*(\)) into the desired form
(13), we adopt the efficient Hierarchical Projection algorithm
(Algorithm 1) proposed in [17]. There is a slightly difference
between Algorithm 1 and the original algorithm, that is, our
algorithm is used to project a matrix instead of a vector.

Algorithm 1 Hierarchical Projection: P A9 )

1: Input: Z € H, the index tree T" and positive weights w;
for all nodes Gl inT.

2: Output: U° = PA?(Z) Vi for Vi € 0U [d].

3:5etUl«+ 0€H, Vie-0eH,Vic0U[d+1].

4: fori =dto0do

5. forj =1ton; do - -

6: VZ = PB;}(ZG;E -Ug ), U < UG + Vi,
7. end for ’ ’ ! ’
8: end for

Theorem 2. Let V', i € 0U [d] be the output of Algorithm 1
with input M(0*), and {&; : i € 0U[d], j € [n;]} be the set of
vectors that satisfy (13). Then

(i) :ViG} € wiogi(B*(\)),Vi€ 0U[d],j € [nj].
(ii) :Uiéjl = Pei(Zqi), for any non-leaf node GJ1

According to part (i) of Theorem 2 and the preliminary
rule (R*), we have

Ve

[B*(Nlg: =0
By using part (11) of Theorem 2 and the initialization that
U”‘1 = 0 when Gz is a leaf node (step 3 in Algorithm 1), we

fmally get the followmg screening rule, that is [B*(/\)]G; =
0 when:

(@) : [P (M8 (W)l — Pes (M
if Gj— is a non-leaf node.
(0) + [P ([M (0" (M) )| P < w],

" (M)l

;))HF < wj’v

if G; is a leaf node.

5

From the definition of P Bi (+), we can further simplify them
into the following form: [B* ()\)]GJ =0if:

() : 10" (W)a: — Pes (MO ()]s ) 7 < wf RY)
if G; is a non-leaf node.
(®) : NIM (0" (M) ?, if G} isaleaf node.  (R2)

4.3 Estimation of the Dual Optimum

However, we can not apply the screening rules (R1") and
(R2’) in real applications directly, since the optimal solution
0* () is always unknown. Fortunately, we can estimate the
region where the dual solution 6*(\) lies, if we are given
one 0*(\g) with A < Ag. Thus we need to know a 6*(Xo)
at a special A\g as a starter. Next, we show how to find this
special starter and how to estimate an appropriate region
where 0*(\) lies in.

A special case for the dual solution is the one corre-
sponding to the primal solution B*()\g) = 0. This can
be reached by choosing a large enough Ag. The following
theorem enables us to find the smallest \¢ that can make
B*(\o) = 0.

Theorem 3. For STM, we let Ayax = max{\ : y/\ € F} and
define the operator SY(Z) = Z — Po(Z). Then,
(0) A = {1 [ISUXT 1 /A, - X7y g /A))[r = w1}
(i) :X EF S A> Amax & 07(A ):%@ﬂ*xzo.
We first introduce a useful tool to characterize the pro-

jection operators and provide the definition of the normal
cone [17], [29] as:

Definition 2. (Normal Cone) Let €) be a nonempty convex subset
of R". Then the normal cone to the set ) at x € €2 is defined by

No(x) ={u e R"|(u,y —x) <0,Vy € Q}. (14)

In the case where x ¢ Q, we define Nq(x) = ().
For estimating 6*()), by utilizing the geometric proper-
ties of the dual problem (4) and the known solution 6*(\g),
we can bound the region in which the optimal dual solution

0*(\) may lie in a small ball © in R™. This is justified in the
following theorem.

Theorem 4. For the primal problem (3), suppose that 6* (o) is
already known with Ay < Amax. For A € (0, Ag), we define

"= Alo - 0*()\0)7 lf)\O < /\max
T KSYXT ) s XrSYUXT D)) i Ao = Amax
r(\ o) = % — 0" (\o),
A Ao), 1(Ao))
(X)) = (A, A _ A o), m(o)) oy
o) =120 = e )
Then, the followings hold:
(i) n € N<(0"(\o)), 1
(i) [[6%(X) = (0" (o) + 57N\ Qo)) < [lgrH (A Ao -

Theorem 4 indicates that 6*()\) is in a ball centered at
o(A\,A) = 0% (Xg) + 2rt(X, Ao) of radius 1|[r-(X, Ao)||, ie.,

1
O ={0:110 = o\ o)l < Sllr-(\Mo)ll}- (15)
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4.4 The Proposed Screening Rules

In this section, based on the preliminary screening rules
(R1") and (R2’), we will develop screening rules for the case
when we are given the ball © that 6*(\) lies in instead of
the optimal solution 6*(\), which is always unknown in real
word applications.

For each node G; in the index tree and the ball © defined
in (15) that 6*(\) € ©, we denote [M(@)}GJ = {[M(@)]G; :
0 € ©} and define an operator S%(Z) = Zg, — Pe; (ZGji_),
then (R1’) and (R2’) can be relaxed into:

(@) 50 20) =sup {IIS} (O € € =} 2 (M (O)]y} < w]

= [B*()\)}G; = 0 if G} is a non-leaf node, (R1%)
(b) : s5(\, Xo) = s%p{||(\| (e} <w)
= [B"(N)]g: =0, if G’ is a leaf node. (R2%)

where 2} = {( : ¢ € Hc;; and ||¢ — [M(O(A,AO))]Gz;H <
Sl M) || maxy << {[IXE ]2} }-

In the above screening ruljes, we need to solve the fol-
lowing two optimization problems:

s§(A, Ag) = sup {||S;(C)H (€ E; , if G;- is a non-leaf node,
¢

(16)
s5(A Xo) = Slclp {II¢ll : ¢ € EL}, if G} is aleaf node.  (17)

They are two non-convex problems since we need to find
a supreme value for a convex objective function. We can
show [17] that both of them enjoy close form solutions, as
presented in the following two theorems, respectively.

Before giving the theorems, we need to firstly introduce
the definitions of virtual node of an index tree, relative
interior and relative boundary.

Definition 3. (Virtual Node) [17] For a non-leaf node G; of
an index tree T, let T.(G%) = {k : G|" C Gi}. If G§ \
UkeIC(G?_)GZH # 0, we define a virtual node of G, by G;fl =
G \UkeIC(G;)G§c+1f07’ J e {nigr + Linig + 2, n400 +
nj, 1}, where nj, is the number of virtual nodes of depth i + 1.

Definition 4. (Relative Interior) Let C be a nonempty convex
subset of R™. Then we say that x is a relative interior point of C
if x € C and there exists an open sphere S centered at x such that
Snaff(C) C C, i.e. x is an interior point of C relative to the affine
hull of C. All of relative interior points of C is called the relative
interior of C, and is denoted by ri(C).

Definition 5. (Relative Boundary) The relative boundary of a
nonempty convex set C is defined as rbd(C) = cl(C)/ri(C),
where c1(C) and ri(C) are the closure and relative interior of C.

Lemma 2. [24] For any non-root node G, we can find a unique
path from G to the root GY. Let the nodes on this path be G-,
wherel € 0U [i],ro = 1, and r; = j. Then,

G:Cc G Vleouli—1].

G; NGL=0,Vr #r,l€[i—1],r € [ny).
Theorem 5. Let v = 2[|rt (X, Xo)|| max; <;<7{||XL, ||2} and
. J

[M(o(A, AO))]G;and 0", i € 0U [d] be the output of

cC =

6

Algorithm 1 with input M (o(\, Xo)). Then for problem (16),
we have:

o Suppose that ¢ ¢ Ci. Then, (X, Xo) = ||l || + 7.

e Suppose that node G; has a virtual child node. Then, for
any ¢ € Cj, s5(A, )\0) =.

e Suppose that node G; has no virtual child node. Then, the
followings hold:
1) If ¢ € rbd(C}), then s%(A, Xo) = 7.
2) If ¢ € ri(C}), then for any node G, C G, where t €
{i+1,...,d} and k € [ny + n})], let the nodes on the path
from Gi, to G be GL , wherel = i,....,t,r; = j,and ry =

T’
, t
k, and T(GT,GY) = lzl(wﬁ.l - ||le1”||) Then,
=i+
+1

55\ Xo) = (v — ming g ).61 et} (GG,

Theorem 6. For problem (17), we have si(A\Xo) =
I[XTo(X, Xo)le: +%HTL(/\,)\O)HmaXlgth{HXtC;}HQ}.

Thus the screening rules ([21*) and (R2*) are developed.

4.5 Solving the Primal Problem of STM

We now turn to solving the optimization problem (3) in STM
using our developed screening rules.

Just as most existing learning models, the optimal pa-
rameter value A for some specific real application is always
unknown. Typically, researchers adopt cross validation and
stability selection to determine an appropriate parameter
value. In each method, we need to solve STM many times
along a grid of parameter values. It would be very time
consuming. To this end, we solve a sequence of STM prob-
lems with the values of A listed in a descending order. The
detailed steps are given in Algorithm 2. Its main advantage
is that the difference between two neighboring )\ enable
us to estimate ), much more accurately, which leads to
better performance in screening and finally improves the
efficiency.

Algorithm 2 Screening for STM

1: Input: Apax = Ao > A1 > ... > Mg = A, B¥(\g) = 0.
: Output: B*(\g)
:fork=0to KX —1do
Compute 0*(\g) using Eq. (5)
Estimate 0* (\;11)
Do feature reduction using the screening rules ([21*)
and (R2%)
Compute B*(Ap+1)
end for

S

In the initialization step, we first find the parameter A ax
which makes B*(Amax) = 0 according to Theorem 3. And
then we insert K + 1 parameters \;(k = 0, ..., ) between
Amax and A with A\g = Apax and A = A. Thus we get
KC + 1 STM problems and solve them one by one until we
get B*()\) as the steps 4-6 listed in Algorithm 2.

5 EXPERIMENTS

We evaluate the proposed STM and HFS on both synthetic
and real data sets in terms of the performance of feature
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selection and efficiency. We compare our method with the
following state-of-the-arts:

o Lasso [13]: Lasso equipped with screening for identi-
fying genetic risk factors for AD.

e MT [23]: Multi-Task Learning with screening.

o TGL [16]: TGL equipped with screening for identify-
ing genetic risk factors for AD.

e AFL [15]: AFL adopted non-convex model for iden-
tifying genetic risk factors for AD.

We perform all the computations on a single core of
Intel(R) Core(TM) i7-5930K 3.50GHz, 128GB MEM.

5.1 Experiment on Synthetic Data

We perform experiments on two synthetic datasets. We
use the smaller one, named synthetic 1, to visualize the
performance of sparse pattern recovery by Lasso, MT, T-
GL, AFL and STM. We use the larger one, named syn-
thetic 2, to evaluate the efficiency of STM combined with
the proposed HFS screening. For both synthetic 1 and
synthetic 2, we create eight tasks and the true model is:
y, = X8f + 0.01¢, where X; is sampled from a standard
Gaussian, ¢ ~ N(0,1),t = 1,..,8. For synthetic 1, we set
N, = 20,p = 100, and create a tree with three layers, where
ny = 5, ny = 10, and n3 = 100. For synthetic 2, we set
N; = 600,p = 20000 and build a tree with three layers,
where n1 = 1000, no = 2000, and n3 = 20000. The nodes in
the same layer contain roughly the same number of features.
To construct B;, we first select 20% of the nodes in first
layer and then 50% of their child nodes in layer 2. Then,
the components of 3; corresponding to the selected nodes
are sampled from a standard Gaussian. Thus 10% of the
features have nonzero coefficients.

5.1.1

We employ stability selection to recover the tree structured
sparse patterns of 3; for t = 1,...,8. Specifically, for each
trial, we randomly sample half of the data and solve a
sequence of problems with A equally spaced on the loga-
rithmic scale of A\/Apax from 1.0 to 0.05. We run 10 trials
and report the averaged results.

Figure 3 shows the ground truth of B = (87,...,05%)
and the recovery results by Lasso, MT, TGL, AFL and
our proposed STM. The results in Figure 3 indicate that
our method can exactly recover the tree-structured sparse
patterns and significantly outperforms the competitors.

To give a quantitative comparison, we view the process
of feature selection as a classification task. Specifically, we
label 1 for the features with a nonzero coefficient and
zero for others in the ground-truth. Figures 4 and 5 show
the sensitivity and specificity—that are commonly used to
measure the classification performance—of Lasso, MT, TGL,
AFL and STM. We can see again that STM performs the best.

Tree-Structured Sparse Pattern Recovery

5.1.2 Evaluation of HFS

To evaluate the performance of the proposed HFS rule, we
employ two metrics: speedup and rejection ratios. Specif-
ically, speedup is the ratio of the running time of the

7
Ground Truth Lasso MT
—— = —
== - —=
TGL AFL STM
=—— = = —
=== ==

Fig. 3. Comparison results of selected features in synthetic 1. The
horizontal axis is the eight tasks and the vertical axis is the features.
Black pixels are the selected features.

Sensitivity
Specificity

Fig. 4. The specificities and sensitivities of different models in each task
on synthetic 1.

Sensitivity
Specificity

Fig. 5. The specificities and sensitivities of different models in each task
on synthetic 2.
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Fig. 6. The rejection ratios of HFS in different layers on Synthetic 2.

solver without screening to the running time of solver with
screening; rejection ratio for the ¢-th layer is defined by
— Zkegi G}s|
T =
bo
where pg is the number of zero coefficients in the solution
matrix, G is the index set of the inactive nodes in depth ¢
identified by our screening rules and |G},| is the number of
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features contained in node Gi. The results are presented in
Table 1 and Figure 6.

Table 1 shows the detailed running time of the solver
with and without screening at a sequence of 100 values of
A on synthetic 2. We can see that HFS leads to a significant
speedup—that is, 16.7 times on average. From the rejection
ratio in Figure 6, we can see that HFS can identify more than
98% of the inactive nodes in the first layer.

TABLE 1
Running time (in seconds) for solving STM on synthetic 2 and ADNI.
The second column: the solver without screening, the fourth column:
the solver with screening, the last column: speedup.

Dataset solver | HFS | HFS+solver | speedup
synthetic2 | 3395.7 13.5 203.7 16.7
ADNI 18010.4 | 184.7 242.1 74.4

5.2 Experiment on ADNI Data

In this section, we conduct a series of experiments
on Alzheimers Disease Neuroimaging Initiative (ADNI)
dataset to identify the genetic risk factors for AD. Specifi-
cally, brain atrophy is usually used as a biomarker of AD
in existing ADNI studies like [1]. Brain MRI is an effective
tool to detect and measure brain atrophy. Therefore, in this
experiment, we use the SNPs on Chrl9 as the features
and the volumes of several different brain regions as the
responses to design an STM model to identify the genetic
risk factors for AD. The concrete processes are shown below.

5.2.1 Data Preprocessing

The ADNI dataset has a total of 1,319 subjects, comprised
of 327 healthy controls, 249 AD patients, 41 participants
with Mild Cognitive Impairment (MCI) [1], [4], 220 early
MCI (EMCI) patients, 419 late MCI (LMCI) patients, and
63 patients with Significant Memory Concerns (SMC) [30].
In this study, the T1 magnetic resonance imaging (MRI)
[4] volumes of the major influenced brain regions, such as
the hippocampus (HIPP) and the entorhinal cortex (EC) [1],
which are closely related to Alzheimers disease, are chosen
as a part of features. Therefore, each subject is represented
by one SNPs data and one T1 MRI representation, which is
extracted from the original volumes by Freesurfer [31].

For SNPs data, we perform standard quality control
in PLINK [32], which is a tool set and popularly used
to analyze the whole-genome association and population-
based linkage relationship, as data preprocessing. Firstly, we
remove SNPs whose minor allele frequency [33] < 5%, or
missingness > 5%, or the deviations from Hardy-Weinberg
Equilibrium P [34] < 5 X 10~ ".Then we delete the sub-
jects from the dataset, whose missing SNPs are more than
10%. After this, we impute the data using a well known
method called MaCH [35], [36], which is a Markov chain-
based framework for genotype imputation and haplotyping.
MaCH is adopted to estimate haplotypes and inference
of missing genotypes by sequence and genotype data. In
addition, we apply several filter rules to the imputed data,
including RSQ (estimated R? specific to each SNP) > 0.5,
FREQI1 (frequency for reference Allele 1) > 1% and FREQ1
< 99%. Finally, we get the training data with 1,319 subjects
and each subject has 155,357 SNPs from chromosome 19.

8

For the MRI data of each subject, we measure the vol-
umes of 4 different regions—Ileft entorhinal cortex (LEH),
left hippocampus (LHP), right entorhinal cortex (REH), and
right hippocampus (RHP)—in the brain as the responses for
that subject. Thus, we can construct 4 responses for each
subject from its MRI data.

5.2.2 Tasks in Our Model

We construct 4 related tasks using the features matrix and
the 4 responses in the preprocessed dataset. For the t-th
task, the feature matrix is denoted as X, € R1:319x155,357
and each row presents a subject, each column is a SNP.
The response y, for this task is a vector in R!5%3%7 and the
component y, (¢) is the volume of the ¢-th brain region of the
i-th subject. Our goal is to identify the genetic risk factors for
AD by studying the associations between the feature matrix
X; and the response vector y,.

5.2.3 Construct the Tree Structure for Features

We build a four layer index tree for grouping the SNPs
according to their pairwise R? values and loci. In gen-
eral, since the pairwise R? is unknown, we first con-
struct an index tree for a reference dataset that con-
tains 42,183 SNPs on Chrl9 from HapMap release #27
(http:/ /hapmap.ncbi.nlm.nih.gov/downloads/1d_data/lat
est/1d_chr19_CEU.txt.gz), who has entire pairwise R? val-
ues. And then we map the index tree into our target dataset.
The detail steps are described below.

We first align chromosomal loci and refSNP cluster ID
in the reference dataset and the target dataset according
to Genome Reference Consortium GRCh37 using UCSC
LiftOver tool [37]. We group the adjacent SNPs together in
the reference dataset if their pairwise R? is nonzero, which
forms 1,230 nodes. This is the first layer of the index tree for
the reference dataset. Then, for each node in the first layer,
we set the threshold of R? to be 0.01. That is we groups the
adjacent SNPs together if their pairwise R? is larger or equal
to 0.01, which leads to the second layer of the index tree.
After that, we increase the threshold to 0.1 and construct the
third layer in the same way. Thus we obtain a three layers
index tree for the reference dataset.

Then, we map the three layers index tree from the refer-
ence dataset to the target dataset. Specifically, for each node
in the constructed tree starting from locus a and ending at
locus b, we group the SNPs in the target dataset whose loci
are between a and b into a node in the index tree for the
target dataset. If there is no SNP whose locus is between a
and b in the target dataset, we skip to the next node. In this
way, we can obtain a three layers index tree for the target
dataset. At last, we split each node in the last layer into
nodes with a single SNPs, which forms the forth layer with
155,357 nodes. As a result, we get a tree with a root layer and
additional layers 1 to 4. And the nodes numbers from layer
1 to layer 4 are 1,063, 5,133, 14,883 and 155,357 respectively.

5.2.4 Evaluation of Efficiency
In this experiment, we evaluate the efficiency of STM with
and without HFS on the ADNI data set.

We solve a sequence of STM models with and without
screening with different parameter A, which equally spaced
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on the logarithmic scale of A/ Apax from 1.0 to 0.5. The result
in Table 1 shows that our screening method can speed up
STM model 74.4 times in average. In addition, we notice that
the speedup here is much significant than in the synthetic
experiment. Thus, we also expect HFS performs better in
high dimensional applications.

T
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Fig. 7. The rejection ratios of HFS in different layers on ADNI data set.

The rejection ratio results in Figure 7 shows that most of
the identified inactive nodes are screened in the fist layer.
After two layers screening, almost all the inactive nodes, i.e.
b 7 > 98% are identified.

5.2.5 Ranking Predictors via Stability Selection

In this subsection, we evaluate the performance of our
model in identifying the genetic risk factors for AD.

We first randomly subsample half of the subjects in the
preprocessed dataset for 100 times. Then on each sampled
dataset, we solve the STM model with a sequence of X
equally spaced on the logarithmic scale of A\/Apax from 1.0
to 0.5. After that, we use stability selection [38] to ranking
the SNPs identified in the solutions. At last, to show the
relevance of the top ranked SNPs with AD further, we
calculate the p-values of the top 100 SNPs in each task. We
repeat this process for the other two baseline methods and
get the ranked SNPs and their p-values (Pearson correlation
coefficient).

We show the p-values of the top 100 SNPs in 4 tasks
against their positions in Chr19 for each model in Figure 8.
All the four sub-figures show that the top 100 SNPs selected
by MT are spread over almost the whole region of Chr19.
This makes it difficult to tell which genes are more likely
to be the disease-causing genes linked to AD. It appears
that TGL performs better than MT, since its identified SNPs
are distributed in a few chromosome regions. However, in
the results with LEH and LHP as responses (upper left and
lower left panels), TGL also identifies some SNPs in the
first half of Chr19. Since there are no known disease-causing
genes in that regions, it is more likely that they are irrelevant
to AD. In contrast, the SNPs selected by our method spread
in a much narrower region. We give a more detailed plot in
Figure 9, and we can see that many of our selected SNPs are
located in several genes such as APOE, PVRL2, TOMM40
and APOC1, which are all already repeatedly proved to be
implicated in AD risk or risks for other neuropsychiatric
disorders [4], [39], [40], [41], [42]. To be specific, AlzGene
[39] gives ten candidate genes with high AD-risk, includ-
ing LDLR, GAPDHS, BCAM, PVRL2, TOMM40, APCOE,

TABLE 2
The p-values and the corresponding genes of top 30 SNPs identified by
STM. Columns 1 to 6 represent RS_ID of selected SNPs, p-value of
LEH, LHP, REH and RHP, and the corresponding gene.

RS_ID LEH LHP REH RHP Gene
rs3745150 3e-04 4e-06 7e-07 1e-06 PVRL2
19:45386467 2e-04 3e-07 4e-07 1e-07 PVRL2
rs12972156 2e-04 3e-07 4e-07 1e-07 PVRL2
rs12972970 2e-04 3e-07 4e-07 1e-07 PVRL2
rs283810 2¢-03 1e-05 8e-06 5e-06 PVRL2
rs283811 3e-04 6e-08 3e-07 4e-08 PVRL2
rs283812 5e-04 1le-06 3e-06 1e-06 PVRL2
rs283813 5e-01 2e-01 2e-02 7e-02 PVRL2
rs283814 5e-04 9e-07 3e-06 1e-06 PVRL2
rs283815 le-04 1e-08 3e-08 2e-09 PVRL2
1876692773 2¢-04 2e-07 5e-07 7e-08 TOMM40
rs71352238 6e-04 6e-07 3e-06 b5e-07 TOMM40
rs184017 9e-03 5e-04 5e-05 3e-05 TOMM40
rs2075649 2e-04 2e-07 4e-07 6e-08 TOMMA40
rs2075650 5e-04 6e-07 2e-06 5e-07 TOMM40
rs157581 2e-03 1e-03 1e-05 4e-04 TOMMA40
rs34095326 2e-04 2e-07 4e-07 7e-08 TOMMA40
rs34404554 2e-04 2e-07 4e-07 7e¢-08 TOMMA40
rs11556505 6e-04 6e-07 3e-06 5e-07 TOMM40
rs157582 2e-04 1e-07 1e-06 1e-07 TOMMA40
19:45406538 6e-03  5e-05 2e-04 2e-06 APOE
187259620 2¢-03 2e-04 3e-04 4e-03 APOE
rs769446 3e-02 3e-03 4e-02 5e-03 APOE
rs405509 le-02 3e-03 1le-03 1e-03 APOE
rs440446 5e-07 4e-11 1e-08  3e-11 APOE
18769450 2e-07 3e-12  9e-10 2e-12 APOE
rs1081106 2e-04 1e-06 6e-05 4e-06 none
rs445925 6e-07 4e-11 1e-08 3e-11 APOC1
rs10414043 6e-07 4e-11 1e-08 3e-11 APOC1
rs7256200 4e-05 4e-08 3e-06 1e-07 APOC1

APOC1, APOC4, EXOC3L2, and CD33, whose positions are
presented in Figure 10. These ten candidate genes have been
considered as the most strongly associated genes with AD
on Chr.19. Moreover, the study in [42] reveals that APOE is
the major susceptibility gene for sporadic late-onset AD. In
[4], [40], APOE and PVRL2 are proved to be significantly
associated with AD. The researchers in [41] demonstrate
the association between APOC1 and AD risk in Caucasians,
Asians and Caribbean Hispanics.

We list the top 30 SNPs identified by our model together
with their p-values in each task and the genes they belong
to in Table 2. The important thing is that some of our
top ranked SPNs are located in the gene APOE, PVRL2,
TOMM40 and APOCI1. As we discussed above, all of these
genes have been proved to be associated with AD. This
verifies that our model can identify the genetic risk factors
for AD.

Table 3 lists the irrelevant SNPs wrongly selected by
TGL. We can see that these selected SNPs located in four
genes: ZNF682, VAV1, CD320 and SIGLECL1. From Figure
10, we can see that these genes have no confident relation-
ships with AD.

Synthesizing the above experiments in Figures 8,9 and
Table 2, we can see that our model STM has superiority over
the baseline methods Lasso, AFL, TGL and MT. This should
result from the fact that compared with TGL, our model
can learn from multiple related tasks simultaneously, and
that compared with MT, our method has an effective tree
structure to group the SNPs according to their relationships.

At last, our work obtains the positive medical evaluation
from Dr. Li Liu (homepage: https://biodesign.asu.edu/li-
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TABLE 3
The irrelevant SNPs in the top 100 SNPs selected by TGL. From
Column 2 to Column 4, they represent RS_ID of selected SNPs, the
corresponding p-value and gene, respectively.

Region RS_ID p_value Gene
19:20115643 4e-03 ZNF682
19:6852734 3e-03 VAV1
19:6861043 2e-03 none
19:6865229 3e-02 none
19:6871492 8e-02 none
rs10414931 7e-03 none
rs112526880 3e-03 none
rs11666078 7e-01 none
1511669968 2e-03 none
rs11672182 Te-01 none
rs11672913 2e-01 none
rs146666686 2e-03 none
1517718517 2e-03 none
rs186715 le-01 none
LEH rs1990216 2e-03 none
rs331689 le-02 none
rs331690 6e-03 none
rs331691 le-02 none
rs461970 2e-03 VAV1
rs55673918 1le-03 none
rs55822857 4e-04 none
rs56079027 1le-03 none
1s56931055 le-02 none
rs58179654 2e-02 none
1s59055395 3e-02 none
1560967546 4e-02 none
1561471228 2e-03 none
157255262 4e-02 none
1572982472 Te-01 none
1s8108918 8e-03 none
19:8369544 2e-03 CD320
rs11668174 3e-03 SIGLECL1T
rs11672446 6e-03 SIGLECL1
152002602 5e-02 CD320
152232778 2e-03 CD320
LHP 152913943 2e-02 CD320
152927707 Te-02 CD320
152927708 2e-03 CD320
1s2927709 2e-03 CD320
1s56303780 2e-03 CD320
rs890856 8e-02 CD320
LEH REH
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Fig. 8. The p values of the top 100 SNPs obtained by different methods.

The horizontal axis is mapped to chromosome position.

liu), who is an assistant professor of Biomedical Informatics
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and a trained clinician. She is one of medical professionals
with experience in AD and appreciates the critical roles
genomic medicine and bioinformatics play in advancing
precision medicine. Her medical evaluation is summarized
as follows:

Medical Evaluation: Progressive atrophy of the en-
torhinal cortex and the hippocampus is an early indi-
cator of dementia even prior to clinically observable
symptoms [43]. By analyzing brain MRI images and
SNP data with the new STM method, we identified a
narrow genomic region on chromosome 19 that was
significantly associated with in vivo volume of four
subregions of this area. This genomic region contains
four genes (PVRL2, TOMM40, APOE and APOC1)
with proved functions in the pathogenesis of AD
[44]. In particular, we noticed that STM identified a
common set of SNPs as genetic risk factors of atrophy
in all of the four subregions (Table 2). Compared to
other SNPs with inconsistent associations reported
by other methods, these SNPs are more likely to
contain causal variants (or at least linked to causal
variants) that predispose an individual to AD. Fine-
mapping causal variants is a grand challenge in G-
WAS analysis. By pinpointing a set of candidate SNPs
associated with multiple clinical responses, STM can
greatly accelerate the discovery of causal variants for
complex diseases.

LHP
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position

Fig. 9. The detailed plot of the p values of the top 100 SNPs obtained
by STM with LHP as response. SNP groups in the layer 2 of our tree
structure are plotted as green and red blocks on the chromosome. The
genes distributed along the chromosome are plotted as black blocks.

6 CONCLUSION

In this paper, we propose a novel feature learning method
called STM for identifying genetic risk factors for AD. The
key idea is to explore in-depth the hierarchical structure a-
mong the features and the commonality across related tasks
at the same time. Essentially, it is a multi-task feature learn-
ing model integrated with a tree structure for the features.
The extensive experiment results on both synthetic and real
datasets show that our model has great superiority over the
existing methods in feature learning. In addition, to improve
the time efficiency, we develop an effective screening rule
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called HFS for our method, which can improve the time-
efficiency by several orders of magnitude. In the future, we
plan to investigate models for finding the most related tasks
from numerous tasks automatically.
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Fig. 10. AD-risk genes (marked by yellow) on Chr.19 according to Alz-
Gene. Figure adapted from http://www.alzgene.org/chromo.asp?c=19.
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